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Julia sets or F sets, have been of considerable interest in current research. In this 
paper we find a new characterization of the Julia set for certain rational functions 
and find bounds for its Hausdorff dimension. Q 198x Academic press. IX. 
Let R be a rational function of the form 
n 
bi 
R(z) = at - 1 - 
I=1 z - c;’ 
where a > 1, bi 2 0, and the c, are distinct real numbers arranged in 
increasing order. We will write R, for its n th iterate, i.e., R,+l( z) = 
R(R,(z)) and R-,(A) for the set of points that R, maps into A. The Julia 
set J(R) can be defined as either the set of points where R, does not form 
a normal family [6, Chap. 151 or as the closure of the set of repulsive fix 
points [5], that is, points where Rk(z) = z for some k and IRk(z)‘I > 1. 
LEMMA 1. Ifv > 0 then Im R(x + iy) > y and ify -c 0 then 
Im R(x + iy) < y. 
Prooj: The cases y > 0 and y < 0 are similar so we only do the first: 
R(x + iy) = ax + iay - i bj 
j=l x - cj + iy 
n b,(x - cj - iy) 
= ax + iay - 1 
j=I (X - Cj)* + y* 
*Corresponding author. 
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ImR(x+iy)=uy+ i 
Ybj 
j=] (x - cj)2 + y2 ‘y. 
Thus R(z) - z has only real roots. Since 
R’(x) = a + k bj 
j=] (x - c,), 
>a>l, 
R(x) - x has one root x,, to the left of cl, exactly one in each (cR, cR+i) 
and another x, to the right of c,. Let I, = [x,,, xn]. Then for each x to the 
left of xr,, R(x) < x and for each x to the right of x,, R(x) > x. 
LEMMA 2. J(R) is contained in I,. 
Prooj If z is off the real line then Rk(0) omits either the upper or lower 
half plane for a small enough neighborhood 0 of z. If z is real and not in lo 
then Rk(0) omits I,, for small enough 0. Since Montel’s theorem [6, Chap. 
151 requires that only three points be omitted to assure normality the 
lemma is proved. 
LEMMA 3. R-~k+l~(~O) c R-k(lO) and JW c R’-oR-k(4,). 
Proo$ The first inclusion is guaranteed by the fact that R’(x) > 1 and 
the second by the fact that R-,( J(R)) = J(R). 
R-r has n + 1 inverses which we can number from 1 to n + 1. We will 
write Rilk ‘jr for the inverse of R-, using the branches jl, . . . , j, and 
41 iA for Rjli.j~(I,). We will also write Ik for R-,(1,) so that 
nil 
Ik= U Ij,...j,. 
jl...jk=l 
For any interval I we will write ]I] for its length. 
LEMMA 4. IIjl,,.j,l I Ilol/ak. 
Proof. R’(x) > a on 1, and hence 
(Rk)‘(x) = R’(R,-,(x))R’(R,-,(x)) . . . R’(x) 2 ak. 
Thus 
/ I 
(Rk)‘(X) dX = X” - X0 = Irol 2 Ukll,l.,,j~l. 
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THEOREM 1. J(R) = n~=&k(Io). 
Proof Each Ij, j, contains one solution of Rk(x) = x, since none can 
contain two by the mean value theorem. The set S of these solutions is 
contained in J(R) and by the above lemma they are dense in f&, R _ k( I,). 
Hence, since J(R) is closed 
fi R-,(I,) = SC J(R) c fi R-,(I,). 
k=O k=O 
Let 
Mj = max R’(x) On ?iR-ktzO) 
k=j 
M = max R’(x) on J(R) 
mj = min R’(x) On i? R-&o) 
k=j 
m = min R’(x) on J(R). 
THEOREM 2. The Hausdorf dimension of J( R) satisjies 
log(n + 1) log(n + 1) 
log m 
2 dim J(R) 2 
log M 
I== 0. 
Prooj: For each k let Sk be the length of the smallest interval in 
R-,(I,) and L, the length of the largest. Then 
and, on iterating, 
Ili..jitpI 2 -&Sk. 
Similarly, 
Any covering (0,) of J(R) can be refined to a finite covering, where each 
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interval contains exactly one Ij, ,t+ P for some p. Then we have 
If a! < log( n + l)/log Mk this diverges as p gets large, i.e., as the covering 
gets small. Thus 
dim J(R) 2 
log(n + 1) 
1% M/c 
and letting K get large proves one of the inequalities. 
Similarly we can refine the covering so that ]OIJ1+E I ]lj, ,..Jk+p] so 
ml (l+Eb 5 
Jl ... Jt+p--l /I... /k+p-1 
and this goes to zero if (Y 2 log( n + l)/log mk. Thus 
dim J(R) 2 (1 + E) 
log( n + 1) 
log mk 
and letting E go to zero and k to infinity completes the proof. 
By [8, Theorem III. 26, p. 731 the transfinite diameter and logarithmic 
capacity of J(R) satisfy the same bounds. 
Finally, let us look at the case R(z) = 22 - l/z. Actually any R of the 
form az - b/z can be analyzed the same way and with a little more care 
the exact bounds on the dimension of J(R) for any other rational function 
of the type considered here can be gotten. 
For R(z) = 22 - l/z we have 
I, = [-l,l] 
R'(z) = 2 + l/z2 
R"(z) = -2/z3. 
Thus R' is increasing in [ - 1,0) and decreasing in (0, 11. Since both - 1 and 
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1 are repulsive fix points, m must occur at one of them and its value at 
either, turns out to be 3. Similarly II = [ - 1, - i] U [i, l] and both - f 
and : are repulsive fix points and the maximum must occur at one of them. 
Both give R’ = 6, so we have for R(z) = 22 - l/z 
log 2 log 2 
- 2 dim .I( R) 2 - 
log 3 log6. 
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